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MCQM2016
Bressanone, 09-02-2016

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 1 / 17



Position of the problem

Consider a system of N interacting fermions with wave function ψN ∈ L2a(R3N).

Hamiltonian:

Htrap
N =

N∑
j=1

(−∆xj + Vext(xj)) + λ

N∑
i<j

V (xi − xj)

where Vext confines the system in a region Λ ⊂ R3, |Λ| = O(1).

General goal
switch off the external potential and study the dynamics of the low energy states{

i∂tψN,t = HNψN,t ,
ψN,0 = ψN .

Solution ψN,t = e−iHN tψN , but N is huge =⇒ look for scaling regimes in which
the evolution can be well approx.
by an effective dynamics.
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Fermionic mean-field scaling
Fix λ such that interaction and kinetic energy are of the same order:

Eint = 〈ψN , λ

N∑
i<j

V (xi − xj)ψN〉 ∼ λN2

Ekin = 〈ψN ,

N∑
j=1

−∆xjψN〉 ∼ N5/3

Mean-field Hamiltonian:

Htrap
N =

N∑
j=1

(−∆xj + Vext(xj)) + N−1/3
N∑
i<j

V (xi − xj) .

Relevant time scale: N−1/3 (typical velocity per particle ∼ N1/3).
Rescaling time

iN1/3∂tψN,t = (
N∑
j=1

−∆xj + N−1/3
N∑
i<j

V (xi − xj))ψN,t .

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 3 / 17



Fermionic mean-field scaling
Fix λ such that interaction and kinetic energy are of the same order:

Eint = 〈ψN , λ

N∑
i<j

V (xi − xj)ψN〉 ∼ λN2

Ekin = 〈ψN ,

N∑
j=1

−∆xjψN〉 ∼ N5/3

Mean-field Hamiltonian:

Htrap
N =

N∑
j=1

(−∆xj + Vext(xj)) + N−1/3
N∑
i<j

V (xi − xj) .

Relevant time scale: N−1/3 (typical velocity per particle ∼ N1/3).
Rescaling time

iN1/3∂tψN,t = (
N∑
j=1

−∆xj + N−1/3
N∑
i<j

V (xi − xj))ψN,t .

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 3 / 17



Fermionic mean-field scaling
Fix λ such that interaction and kinetic energy are of the same order:

Eint = 〈ψN , λ

N∑
i<j

V (xi − xj)ψN〉 ∼ λN2

Ekin = 〈ψN ,

N∑
j=1

−∆xjψN〉 ∼ N5/3

Mean-field Hamiltonian:

Htrap
N =

N∑
j=1

(−∆xj + Vext(xj)) + N−1/3
N∑
i<j

V (xi − xj) .

Relevant time scale: N−1/3 (typical velocity per particle ∼ N1/3).
Rescaling time

iN1/3∂tψN,t = (
N∑
j=1

−∆xj + N−1/3
N∑
i<j

V (xi − xj))ψN,t .

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 3 / 17



Fermionic mean-field scaling

Let

ε = N−1/3

and multiplying by ε2:

iε∂tψN,t = (
N∑
j=1

−ε2∆xj +
1

N

N∑
i<j

V (xi − xj))ψN,t

The mean-field scaling is naturally linked with a semiclassical limit
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Effective equations
Let γ

(1)
N,t = N tr |ψN,t〉〈ψN,t | be the one-particle density matrix of ψN,t .

γ
(1)
N,0 ' ωN (minimiser of the Hartree-Fock energy functional)

⇓ N � 1

γ
(1)
N,t ' ωN,t , solution of the Hartree-Fock equation

iε∂tωN,t = [−ε2∆ + V ∗ ρt − Xt , ωN,t ] ,

where ρt(x) := 1
NωN,t(x ; x) and Xt(x ; y) = 1

NV (x − y)ωN,t(x ; y) .

As N →∞? The Vlasov equation is the next degree of approximation.

The Wigner transform of ωN,t

WN,t(x , v) =
ε3

(2π)3

∫
dy ωN,t(x + ε

y

2
; x − εy

2
) e−iv ·y

for N →∞ solves the Vlasov equation

∂tWt(x , v) + v · ∇xWt(x , v) = ∇(V ∗ ρt)(x) · ∇vWt(x , v)
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Known results

? MBQ dynamics → Vlasov:
Narnhofer and Sewell (1981), Spohn (1981).

? MBQ dynamics → Hartree or Hartree–Fock:
I Elgart, Erdös, Schlein, Yau (2004): mean–field + semiclassical scaling;

analytic V , short times.
I Benedikter, Porta and Schlein (2013): weaker assumption on V , effective

estimate on the rate of convergence ∀ t, zero temperature.
I Petrat, Pickl (2014): similar result with a different method.
I Benedikter, Porta, Jakšić, S. and Schlein (2015): positive temperature.

? Hartree dynamics → Vlasov:

I Lions, Paul (1993), Markovich, Mauser (1993): Coulomb potential, weak
convergence, positive temperature.

I Athanassoulis, Paul, Pezzotti, Pulvirenti (2011): assumptions on V , explicit

rate of convergence O(Nε
2
7
α), positive temperature.

I Golse, Paul (2015) ∇V Lipschitz continuous, explicit estimates on the rate of
convergence.
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Notations and useful remarks
‖ωN‖HS =

√
N ‖WN‖L2

x,v

‖[∇, ω]‖HS =
√
N‖∇xWN‖L2

x,v

‖[x , ω]‖HS = ε
√
N‖∇vWN‖L2

x,v

‖[x , ωN ]‖2HS =

∫
dx dy |(x − y)ωN(x ; y)|2

=

∫
dx dy

∣∣∣∣N ∫ dv (x − y)WN(
x + y

2
, v) e iv ·

(x−y)
ε

∣∣∣∣2
=

∫
dx dy N2

∣∣∣∣∫ dv ε∇vWN(
x + y

2
, v) e iv ·

(x−y)
ε

∣∣∣∣ 2
=

∫
dR dr��ε

3
�N N

∣∣∣∣∫ dv ε∇vWN(R, v) e iv ·r
∣∣∣∣2

= Nε2 ‖∇vWN‖2L2
x,v

‖WN‖2Hs
a

=
∑
β≤s

∫
(1 + x2 + v2)a|∇βWN(x , v)|2dx dv
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Statement of the results: mixed states

Theorem 1 (Benedikter, Porta, S., Schlein)

Let V ∈ W2,∞(R3) and ‖WN‖H5
4
< C .

Then there exists C = C (‖V ‖W2,∞ , supN ‖WN‖H2
4
) > 0 such that

tr |ωN,t − ω̃N,t | ≤ CNε exp(C exp(C |t|))[1 +
3∑

k=1

εk sup
N
‖WN‖Hk+2

4
] .

Relax regularity assumptions on the initial data

Theorem 2 (Benedikter, Porta, S., Schlein)

Let V ∈ L1(R3)such that A =
∫
|V̂ (p)| (1 + |p|2) dp <∞ and ‖WN‖H2

4
< C .

Then there exists C = C (‖WN‖H2
4
,A) > 0 such that

‖ωN,t − ω̃N,t‖HS ≤ C
√
Nε exp(C exp(C |t|)) .

Equivalently,
‖WN,t − W̃N,t‖L2 ≤ Cε exp(C exp(C |t|)) .
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Statement of the results: pure states

At zero temperature we prove convergence for the expectation of a class of
semiclassical observables, functions of x and −iε∇.

Theorem 3 (Benedikter, Porta, S., Schlein)

Let V ∈ L1(R3) be such that
∫
|V̂ (p)|(1 + |p|3) dp <∞.

Let ωN satisfy

tr |[x , ωN ]| ≤ CNε , tr |[ε∇ , ωN ]| ≤ CNε .

Let WN ∈ L1(R3 × R3) be such that ‖WN‖W1,1 ≤ C.
Then there exists C > 0 such that

|tr e ip·x+εq·∇(ωN,t − ω̃N,t)| ≤ CNε (1 + |p|+ |q|)2 exp(C |t|) ,

∀ p, q ∈ R3 , ∀ t ∈ R .
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Strategy: trace norm convergence

Compare ωN,t and ω̃N,t via Gronwall inequality

Step 1.

iε∂t(ωN,t − ω̃N,t) = [−ε2∆ , (ωN,t − ω̃N,t)] + . . .

how to get rid of the kinetic term?

Define a unitary operator U ,{
i ε ∂t U(t) = h(t)U(t) ,
U(0) = 1 .

Then

i ε ∂t U∗(t) (ωN,t − ω̃N,t)U(t)

= −U∗(t) [h(t), ωN,t − ω̃N,t ]U(t)

+ U∗(t) ([h(t), ωN,t − ω̃N,t ] + [V ∗ ρt , ω̃N,t ]− At)U(t)

= U∗(t) ([V ∗ (ρt − ρ̃t), ω̃N,t ] + [V ∗ ρ̃t , ω̃N,t ]− At)U(t) .
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Strategy

i ε ∂t U∗(t) (ωN,t − ω̃N,t)U(t)

= U∗(t) ([V ∗ (ρt − ρ̃t), ω̃N,t ] + Bt)U(t) .

where

Bt(x ; y) = [V ∗ ρ̃t(x)− V ∗ ρ̃t(y)−∇(V ∗ ρ̃t)
(
x + y

2

)
· (x − y)]ω̃N,t(x ; y)

Step 2.
Integrate in time and take the trace norm:

‖ωN,t − ω̃N,t‖Tr ≤ ‖ωN,0 − ω̃N,0‖Tr

+
1

ε

∫ t

0

‖[V ∗ (ρs − ρ̃s) , ω̃N,s ]‖Trds

+
1

ε

∫ t

0

‖Bs‖Trds
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Strategy
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Strategy

1

ε

∫ t

0

‖[V ∗ (ρs − ρ̃s) , ω̃N,s ]‖Trds

‖[V ∗ (ρs − ρ̃s) , ω̃N,s ]‖Tr ≤ ‖ρs − ρ̃s‖L1 sup
z
‖[V (z − ·), ω̃N,s ]‖Tr

heuristically

‖[V (z − ·), ω̃N,s ]‖Tr “ ≤ ”‖[x , ω̃N,s ]‖Tr “ = ”Nε ‖∇W̃N,s‖L1x,v
≤ CNε ‖∇WN,0‖L1 e

C |s|

‖ρs − ρ̃s‖L1 ≤ 1

N
‖ωN,s − ω̃N,s‖Tr

‖[V (z − ·), ω̃N,s ]‖Tr ≤ ‖(1− ε2∆)−1(1 + x2)−1‖HS‖(1 + x2)(1− ε2∆)[V (z − ·), ω̃N,s ]‖HS

≤ C
√
N ‖(1 + x2)(1− ε2∆)[V (z − ·), ω̃N,s ]‖HS

≤ C exp (C |s|)Nε [‖WN‖H1
4

+ ε ‖WN‖H2
4

+ ε2 ‖WN‖H3
4

+ ε3‖WN‖H4
4
]
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Strategy

‖ωN,t − ω̃N,t‖Tr ≤ ‖ωN,0 − ω̃N,0‖Tr

+
1

ε

∫ t

0

‖[V ∗ (ρs − ρ̃s) , ω̃N,s ]‖Trds

+
1

ε

∫ t

0

‖Bs‖Trds
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Strategy

1

ε

∫ t

0

‖Bs‖Trds

with

Bt(x ; y) = [V ∗ ρ̃t(x)− V ∗ ρ̃t(y)−∇(V ∗ ρ̃t)
(
x + y

2

)
· (x − y)] ω̃N,t(x ; y)

‖[x , [x , ω̃N,s ] ]‖Tr“ = ”N ε2‖∇2W̃s‖L1
x,v
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Strategy

1

ε

∫ t

0

‖Bs ω̃N,s‖Trds

with

Bt(x ; y) = V ∗ ρ̃t(x)− V ∗ ρ̃t(y)−∇(V ∗ ρ̃t)
(
x + y

2

)

‖[x , [x , ω̃N,s ]‖Tr“ = ”N ε2‖∇2W̃s‖L1
x,v

Hence we conclude by Gronwall Lemma:

‖ωN,t−ω̃N,t‖Tr ≤ C

∫ t

0

ds ‖ωN,s − ω̃N,s‖Tr exp(C |s|)

+ C N ε [‖WN‖H2
4

+ ε ‖WN‖H3
4

+ ε2 ‖WN‖H4
4

+ ε3‖WN‖H5
4
] exp(C |s|)
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