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Position of the problem

Consider a system of /V interacting fermions with wave function 1y € L2(R3V).
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Consider a system of /V interacting fermions with wave function 1y € L2(R3V).

Hamiltonian:

N N
HE™ = (=0 + Vesi(x)) + 2D V(xi — x;)
=1 i<j

where V., confines the system in a region A C R3, |A| = O(1).

General goal
switch off the external potential and study the dynamics of the low energy states

{ i6t¢N,t = HNwN,t,
Yno = YN -
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Position of the problem

Consider a system of /V interacting fermions with wave function 1y € L2(R3V).

Hamiltonian:

N N
HE™ = (=0 + Vesi(x)) + 2D V(xi — x;)
=1 i<j

where V., confines the system in a region A C R3, |A| = O(1).

General goal
switch off the external potential and study the dynamics of the low energy states

{ i8t¢N,t = HNz/)N,t,
Yno = YN -

Solution ¥y, = e~ vty but N is huge = look for scaling regimes in which

the evolution can be well approx.
by an effective dynamics.
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Fermionic mean-field scaling
Fix A such that interaction and kinetic energy are of the same order:

N
Eine = (Un, A Y V(xi = x)tn) ~ AN?

i<j

N
Exin = (¥n, Z —Apw) ~ N2

Jj=1
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Fermionic mean-field scaling
Fix A such that interaction and kinetic energy are of the same order:

N
Eine = (Un, A Y V(xi = x)tn) ~ AN?

i<j

N
Exin = (¢w, Z —Apw) ~ N2

j=1
Mean-field Hamiltonian:
N N
HE™ =Y (=B + Ve () + N2 V(6 — x).
j=1 i<j

Relevant time scale: N~1/3 (typical velocity per particle ~ N'/3).
Rescaling time

/N1/38t¢N t — (Z A)g + N~ 1/3 Z V —Xj )¢N,t~

j=1 i<j
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Fermionic mean-field scaling

Let

and multiplying by £2:

ie0ebn e = (Z —°Ay, + — N Z V(xi — x))w,e

Jj=1 i<j
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Fermionic mean-field scaling

Let

and multiplying by £2:

lsﬁtz/wt—(z 2AXJ—|—NZV )N,

Jj=1 i<j

The mean-field scaling is naturally linked with a semiclassical limit
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Effective equations
Let 75\}1 = Ntr|Yn)(Pn | be the one-particle density matrix of ¥ ;.
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Effective equations

Let vf\}.)t = Ntr|¢n.e)(¢n.¢| be the one-particle density matrix of ¢ ¢.

'Y/(vl)o ~ wy (minimiser of the Hartree-Fock energy functional)

I N>1

7/(\/1)t o~ wy ¢, solution of the Hartree-Fock equation

’ I.&'at(.UN’t = [_EZA + V % Pt — Xt;wN,t] )

where pe(x) i= Fwn.i(xi x) and Xe(xiy) = V(x — y)wne(xiy) .
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Effective equations
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where pe(x) i= Fwn.i(xi x) and Xe(xiy) = V(x — y)wne(xiy) .

As N — co? The Vlasov equation is the next degree of approximation.
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Effective equations

Let v,(\}’)t = Ntr|¢n.e)(¢n.¢| be the one-particle density matrix of ¢ ¢.

’7I(\})0 ~ wy (minimiser of the Hartree-Fock energy functional)

I N>1

7/(\/1):: o~ wy ¢, solution of the Hartree-Fock equation

’ I.&'atWN’t = [_EZA + V x Pt — Xt;wN,t] )

where p¢(x) := %wN,t(X; x) and X¢(x;y) = %V(x —y)wn(xy).

As N — co? The Vlasov equation is the next degree of approximation.

The Wigner transform of wy ¢

83 —iv-
Wi t(x,v) = W/dyw,v,t(x—l—sg;x—sg)e Y

for N — oo solves the Vlasov equation

’ IWe(x,v) + v - Vi We(x,v) = V(V x pe)(x) - V, We(x, v) ‘
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Known results

* MBQ dynamics — Vlasov:
Narnhofer and Sewell (1981), Spohn (1981).

* MBQ dynamics — Hartree or Hartree—Fock:
> Elgart, Erdds, Schlein, Yau (2004): mean—field 4 semiclassical scaling;
analytic V/, short times.
> Benedikter, Porta and Schlein (2013): weaker assumption on V, effective
estimate on the rate of convergence V t, zero temperature.
> Petrat, Pickl (2014): similar result with a different method.
» Benedikter, Porta, Jak3i¢, S. and Schlein (2015): positive temperature.

* Hartree dynamics — Vlasov:

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 6 /17



Known results

* MBQ dynamics — Vlasov:
Narnhofer and Sewell (1981), Spohn (1981).

* MBQ dynamics — Hartree or Hartree—Fock:
> Elgart, Erdds, Schlein, Yau (2004): mean—field 4 semiclassical scaling;
analytic V/, short times.
> Benedikter, Porta and Schlein (2013): weaker assumption on V/, effective
estimate on the rate of convergence V t, zero temperature.
> Petrat, Pickl (2014): similar result with a different method.
> Benedikter, Porta, Jaksi¢, S. and Schlein (2015): positive temperature.

* Hartree dynamics — Vlasov:

» Lions, Paul (1993), Markovich, Mauser (1993): Coulomb potential, weak
convergence, positive temperature.

Chiara Saffirio (UZH) From HF to Vlasov MCQM2016 Bressanone, 09-02-2016 6 /17



Known results

* MBQ dynamics — Vlasov:
Narnhofer and Sewell (1981), Spohn (1981).

* MBQ dynamics — Hartree or Hartree—Fock:
> Elgart, Erdds, Schlein, Yau (2004): mean—field 4 semiclassical scaling;
analytic V/, short times.
> Benedikter, Porta and Schlein (2013): weaker assumption on V/, effective
estimate on the rate of convergence V t, zero temperature.
> Petrat, Pickl (2014): similar result with a different method.
> Benedikter, Porta, Jaksi¢, S. and Schlein (2015): positive temperature.

* Hartree dynamics — Vlasov:

» Lions, Paul (1993), Markovich, Mauser (1993): Coulomb potential, weak
convergence, positive temperature.
> Athanassoulis, Paul, Pezzotti, Pulvirenti (2011): assumptions on V/, explicit
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rate of convergence O(Ne7®), positive temperature.
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Known results

* MBQ dynamics — Vlasov:
Narnhofer and Sewell (1981), Spohn (1981).

* MBQ dynamics — Hartree or Hartree—Fock:
> Elgart, Erdds, Schlein, Yau (2004): mean—field 4 semiclassical scaling;
analytic V/, short times.
> Benedikter, Porta and Schlein (2013): weaker assumption on V/, effective
estimate on the rate of convergence V t, zero temperature.
> Petrat, Pickl (2014): similar result with a different method.
> Benedikter, Porta, Jaksi¢, S. and Schlein (2015): positive temperature.

* Hartree dynamics — Vlasov:

» Lions, Paul (1993), Markovich, Mauser (1993): Coulomb potential, weak
convergence, positive temperature.
> Athanassoulis, Paul, Pezzotti, Pulvirenti (2011): assumptions on V/, explicit

2 "
rate of convergence O(Ne7®), positive temperature.
» Golse, Paul (2015) VV Lipschitz continuous, explicit estimates on the rate of
convergence.
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Notations

wpn sequence of reduced densities on L2(R3) R —— W
troy=N, 0<wy<1 Wigner trans.
Vlasov eq.n
Hatree eq.n
Wi
Y Weyl quantization
w]\‘r,t a)]\'t
iedwny = [h(t) ) wN,t] €0 Ny = [752 A L:J]\gz] + Ay
2 [Tty -
ht) = - A+ Vxpy Aw;y) =V (Vi py) (z = y) ona(@sy)
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Notations and useful remarks
o |lwnllus = VNI|[Waliz,
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Notations and useful remarks
o [lwnlus = VN[[Walz,

o [V, wlllus = VNIV Wiz,

o ||[x,wlllus = eVNIV. Wiz,
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Notations and useful remarks
o [lwnlus = VN[[Walz,

o [V, wlllus = VNIV Wiz,

o [I[x,w]llus = eV/N||V, Wal2,
lcsnlls = | dedyl(x = y)amtxi )P
X
:/dxdy’N/dv(x—y) Win(
:/dxdyN2 /dvsV WN(X+y

:/der%NN‘/dvstWN(R, v) e
= Ne* |V, WalfZ: |

x—y)

)IV(

2
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X
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:/der%NN‘/dvstWN(R, v) e
= Ne* |V, WalfZ: |

x—y)

)IV(

2

o | [Whllf = Xpes J(1 4%+ v2)? VWi (x, v)|dx dv
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Statement of the results: mixed states

Theorem 1 (Benedikter, Porta, S., Schlein)
Let V € W»(R?) and |[Wy| s < C.
Then there exists C = C(|| V[l w2, supy |Wn||1z) > 0 such that

3
trjwn,e — One] < CNeexp(Cexp(Clt]))[1 + Zsk SLI:Ip ||WN||H4k+z] .
k=1
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Statement of the results: mixed states

Theorem 1 (Benedikter, Porta, S., Schlein)

Let V € W»(R?) and |[Wy| s < C.
Then there exists C = C(||V [z, supy | Wi ||1z) > O such that

3
trjwn,e — One] < CNeexp(Cexp(Clt]))[1 + Zsk SLI:Ip ||WN||H4k+z] .
k=1

Relax regularity assumptions on the initial data

Theorem 2 (Benedikter, Porta, S., Schlein)

Let V € LY(R3)such that A= [ |V(p)| (1 + |p[?) dp < oo and [Willrz < C.

Then there exists C = C(||W||yz, A) > 0 such that

lwn,e — Onellas < CVNe exp(C exp(C|t|)).
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Statement of the results: mixed states

Theorem 1 (Benedikter, Porta, S., Schlein)

Let V € W»(R?) and |[Wy| s < C.
Then there exists C = C(||V [z, supy | Wi ||1z) > O such that

3
trjwn,e — One] < CNeexp(Cexp(Clt]))[1 + Zsk SLI:Ip I WN||H4k+z] .
k=1

Relax regularity assumptions on the initial data
Theorem 2 (Benedikter, Porta, S., Schlein)

Let V € LY(R3)such that A= [|V(p)| (1 + |p|?) dp < 0o and [Willrz < C.
Then there exists C = C(||W||yz, A) > 0 such that

lwn,e — Onellas < CVNe exp(C exp(C|t|)).

Equivalently, _
Wit — Wh t]l12 < Ceexp(Cexp(Clt])).
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Statement of the results: pure states

At zero temperature we prove convergence for the expectation of a class of
semiclassical observables, functions of x and —ieV.

Theorem 3 (Benedikter, Porta, S., Schlein)

Let V € LY(R3) be such that [ |V(p)|(1 + |p|*) dp < co.
Let wy satisfy

tr |[x, wy]] < CNe, tr [[eV, wy]| < CNe.

Let Wy € LY(R3 x R3) be such that || Wy||y1 < C.
Then there exists C > 0 such that

|tr P9V (wyy s — Gne)| < CNe (1 + |p| +[ql)? exp(Clt])
Vp,geR, VteR.
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Strategy: trace norm convergence

’Compare wpn,r and Oy ¢ via Gronwall inequality‘

Step 1.

i&at((.d[\[,t - &N,t) = [—52A, ((.ONJ - aN,f)] + PR

how to get rid of the kinetic term?
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’Compare wpn,r and Oy ¢ via Gronwall inequality‘

Step 1.
I'E@t(w/v,t - &N,t) = [—52A, (WN,t - aN,f)] + PR

how to get rid of the kinetic term?

Define a unitary operator U,

ied:U(t) = h(t)U(t),
{ U@O)=1.
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Strategy: trace norm convergence

’Compare wpn,r and Oy ¢ via Gronwall inequality‘

Step 1.

ifat(WN,t - &N,t) = [—52A, ((.UNJ - LAL’JNJ)] + PR

how to get rid of the kinetic term?
Define a unitary operator U,
ied:U(t) = h(t)U(t),
Uu@Oy=1.
Then
Ifatu*(t) (WNJ — (IJNJ)U(t)
= —U"(t) [h(t), wn s — On,e]U(E)
FU(£) ([h(t), wn,e — G el + [V pe, G e] — Ae) U(1)
= U () ([V * (pr = Pe)s O] + [V * pr, O o] — A U(E) -
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Strategy

i€ 0 U (t) (wn,e — One) U(T)
=U(t)([V * (pe — Pr), On,e) + Be)U(t) .
where

Bilxiy) = IV + ) =V o ) = VOV ) (552 ) - (x= lmstoin)
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Strategy

i€ B U(t) (wn,e — Gw,e) U(E)
= U (&) ([V * (pe = ), ©n.e] + Be)U(t) .

where

B ) = [V #5) ~ Vo ey) = TV 30 (52 ) (x= yllmetiy)

Step 2.
Integrate in time and take the trace norm:

lwn,t — On,elle < llwn,o — Onolle
1 [t . .
2 LIV (= ) s
0
1 t
+—/ 1By ds
€ Jo
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Strategy

lwn,e = Onellme < llwno — @noll e

1/t L
+2 [V (=) Gulinos
0

1 t
+—/ 1Bu s
€ Jo
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Strategy

1/t R
= v = ) Gl
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Strategy

1/t N
= v = ) Gl

IV * (ps = Ps)» Onslllme < [lps = psllr sup I[V(z = -), Ow.s][| v
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Strategy

1 [t 5 5
! / IV # (95 — ) s Gns]medls
€Jo

IV * (ps = Ps)» Onslllme < [lps = psllr sup I[V(z = -), Ow.s][| v

heuristically

IV (z =), omalllee <" lDx, Ol =" Ne |V Waellus

CNe ||V Wao|| ;1 e

IA
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Strategy

1 [t 5 5
! / IV # (95 — ) s Gns]medls
€Jo

[V # (ps = fs) s Onslllme < llps = psllrsup [[[V(z = -), Ows] [l e
heuristically

IV (z =), onellre “ < Ixs @w]flme ™

NV Wl

IA

CNe ||V Wao|| ;1 e

- 1 -
llps = psll < N”WN,S - WN,SHT\“
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Strategy

1/t .
2 IV (o= ). @l
0

[V (ps = ps) » Onslllee < [lps = psllir sup [V (z = -), On,s] | e
heuristically

IV (z =), onellre “ < Ixs @w]flme ™

" NE IV Wl

IA

CNe ||V Wao|| ;1 e
- 1 -
llps — sl < N”WN,S - WN,SHT\“

IV (z =), sl < (1= A) 71 +x*) Hlus (1 +x*)(1 = A)[V(z = ), En.s]llns
< VN1 +x) (1 = D) [V(z = ), Ens]llms
< Cexp (Cls|)Ne [| Wl + e Wl + & [ Wall i + €| Waull o]
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Strategy

lwn,e = Onellme < llwno — @noll e

1t Ay -
2 [0V =5 an s

1 t
i1 / 1B. | ds
€ Jo
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Strategy

1 t
= [ s
€Jo

with

Belxiy) = [V % e(x) = V  fely) = V(V % ) (%) (= Y nalxiy)
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Strategy

1 t
= [ s
€Jo

with

Belxiy) = [V % e(x) = V  fely) = V(V % ) (%) (= Y nalxiy)

Iixs e, Gnsl e =" N 2 VAWl Loy,
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Strategy

1 t
[ 1Bl
€ Jo

with

Bi(xiy) =V x pe(x) = V* pe(y) — V(V * pr) <X—;y>

Ibx, I, Snslllze =" NV We 1 |

Hence we conclude by Gronwall Lemma:

t
loon,e—nellay < C / ds [lwons — Oz exp(Cls))
0

+ CNe[[Wallmg + e [IWallz + € [Wallng + | Walls] exp(Cls|)
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